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Abstract

The solar property of electron number density has important implications for understanding
solar and stellar physics, yet its precise distribution within the Sun is unknown. While
current models are derived from measurements at the solar surface, it would be novel to
use Earth-based measurements to predict electron distribution in the Sun. Electron number
density dictates the flavor evolution of neutrinos as they stream radially outward from the
Sun, and thus determines their flavor when they reach detectors on Earth. In this paper,
we explore an inference-based approach that uses neutrino flavor measurements from Earth-
bound detectors to extrapolate the Sun’s electron density function. We are currently studying
logistic and exponential forms of electron number density and ultimately seek the sparsest
amount of data required to place useful constraints on the model.

1 Introduction

Electrons exist at the core of many stellar processes, and their distribution within the sun has
important implications in solar and stellar physics as well as neutrino physics. However, the
precise profile of electron number density is not known because current technology is not capable
of probing measurements inside the Sun’s core. Solar neutrinos offer an interesting solution to
this problem because they are capable of transmitting information to the Earth through high
density regions like the Sun.

Neutrinos are created within the sun as a byproduct of nuclear fusion. As they stream
outward, the property of neutrino“flavor” determines how they interact with the surrounding
matter. There exist three different of neutrino flavors– electron, muon, and tau– and as neutrinos
travel and interact with matter, they oscillate between these three flavors [1]. These oscillations
are highly nonlinear: not only does the nature and density of the surrounding matter affect a
neutrino’s flavor, but conversely its flavor affects how it interacts with matter.

Though there are many types of matter particles in the solar core, electrons are the driving
factor for neutrino flavor evolution. The electron number density function thus determines the
neutrino flavor evolution profile as neutrinos travel through the Sun. Historically, solutions for
flavor evolution were found using forward integration, which entails choosing initial conditions
of flavor within the Sun’s core [2–9]. It has been shown that relaxing these initial conditions only
a small amount can have dramatic influences on the solution [10,11]. Our study investigates an
inference-based method to find solutions which does not require knowledge of initial conditions.
This model uses optimization to perform parameter estimation and determine a solution based
on both a theoretical model and given measurements.

The specific procedure we are using is called Statistical Data Assimilation (SDA). It is a
method used in a wide array of applications to combine theoretical models with sparse physical
measurements. SDA was developed in the fields of weather prediction and later developed
in neurobiology [12–16]. Its capabilities are well-suited for our scenario, which incorporates
both a mathematical model of flavor evolution as well as flavor measurements from earth-based
detectors. To date, we have applied SDA to a solar model and identified state variable predictions
that are consistent with both model and measurements [17–19].
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Though we are currently working with solar neutrinos, the ultimate goal of this project
is to study to flavor evolution of neutrinos emitted in core-collapse supernovae (CCSN). The
presence of neutrinos in CCSN is driven by the reaction νe ` n ÝÑ p ` e´. The limiting factor
for this reaction is νe, and therefore the quantity νe determines the proton to neutron ratio
inside the CCSN. If the proton to neutron ratio is sufficiently low, this indicates that the CCSN
environment is potentially capable of forming heavy elements.

By studying the flavor evolution of neutrinos and thereby determining the number of νe inside
a CCSN, our project seeks to discover the proton to neutron ratio and answer the question about
heavy elements. However, neutrino data from CCSN is exceedingly sparse: though it is estimated
that approximately 1058 neutrinos are emitted per event, only a few dozen were detected from
the most recent event, SN1987A [20,21].

In this paper, we seek to test our procedure on solar neutrinos, for which is far more data
available. By developing our parameter estimation procedure on data from the sun, we aim to
be prepared to analyze neutrino data when the next CCSN event occurs.

2 Model

The model is explained in detail in Refs. [17–19]. Here we give a brief overview of the model
and refer the reader to these references for further detail. We consider monoenergetic beams
of neutrinos streaming radially from the sun and interacting with each other and background
particles present in the sun. In this paper, we use three beams each of a different energy. We
neglect any effects of back scattering and incorporate only forward scattering into the model. In
principle, the background particles consist of all particles that carry the weak charge, including
electrons, nuclei, and free nucleons. Of these, only electrons are present in high enough quantities
to significantly affect the neutrino flavor evolution. Thus, the distribution of background matter
V prq can be approximated as linearly related to electron density. The exact value for V prq is
given by the Wolfenstein correction to neutrino mass [22]:

V prq “
?

2GFNeprq (1)

where GF is the Fermi constant. The density of electrons Neprq decreases with radial distance
r from the sun’s core. Simply stated, our goal is to determine the functional form of Neprq using
as little flavor measurement data as possible.

Our model consists of a two flavor, single angle model with three neutrino beams. The two
flavor approximation between νe and νx is reasonable because mu and tau neutrinos experience
identical interactions inside the sun [23]. We use a polarization vector ~P to describe the flavor
state of the neutrino beams:

d~P

dr
“ pω ~B ` V prqẑq ˆ ~P , (2)

where ω “ δm2{p2Eq is the vacuum oscillation frequency of a neutrino with energy E, δm2

being the mass-squared difference in vacuum [19]. The unit vector ~B “ sin p2θqx̂ ´ cos p2θqp̂zq
represents flavor mixing in vacuum, with mixing angle θ. The function V prq arises from neutrino
interactions with the background electrons, and whose functional form is the topic of discussion
Section 4.2.

In Refs. [17, 18], an additional term is included in the polarization vector to account for
neutrino-neutrino coupling. In the solar environment, the contributions of this term are negli-
gible because the density of neutrinos in the sun is too small.

The polarization vector ~P consists of three elements described as follows:

~P “

»

–

Px
Py
Pz

fi

fl “

»

–

ψeψ
˚
x ` ψ

˚
eψx

ipψeψ
˚
x ´ ψ

˚
eψxq

|ψe|
2 ` |ψ˚x |

2

fi

fl . (3)
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The Pz component of the neutrino polarization vector denotes the net flavor content of
electron flavor minus the superposition of muon and tau flavors. This term is related to the
survival probability, Psurvival by propagating the neutrino beam through the vacuum region
between the solar surface (d s) and Earth (C) as described in Ref. [19]:

p1´ sin2 2θqPds,z ´ cos 2θ sin 2θPds,x “ 2Psurvival ´ 1. (4)

Equation 4 links the state variable evolution term from Equation 2 to Psurvival, which can be
determined experimentally using neutrino measurements at Earth-based detectors. Though the
results presented in this paper continue to use simulated data measurements, we are currently
working on implementing this Earth/Sun transformation so that we can use real measurements
from detectors in our analysis.

3 Method

3.1 Optimization Formulation

The neutrino flavor evolution problem was traditionally solved using forward integration. Whereas
an integration approach involves choosing initial values and stepping forward in time, our ap-
proach, Statistical Data Assimilation (SDA) is not contingent on knowing initial values. Instead,
it uses an optimization procedure that converge toward a solution at every location simultane-
ously. Optimization takes place in a space of N ˆD`P dimensions, where N is the number of
time steps, D is the number of state variables used, and P is the number of unknown parameters.
This space is discretized using the Hermite-Simpson method.

Using SDA, we seek to maximize the probability of finding a path X in the model’s state
space given observations Y:

P pX|Yq “ e´A0pX,Yq. (5)

The procedure begins with a random guess (within the specified search ranges) for each point
in the discretized parameter space. We use a cost function A0 to determine the error of this
guess. The cost function takes the form

A0 “ RfAmodel `RmAmeas, (6)

where Amodel and Ameas penalize deviation of the guess from the model and measurement re-
spectively. The functional forms of these terms are given in Ref. [19]. Values for Rf and Rm are
set to determine the relative weights of the model and measurement error terms. Rm is set to a
constant value (for this paper, Rm “ 1), whereas Rf takes the form Rf,0α

β. For this paper, we
set Rf , 0 “ 10´3 and α “ 2.0. We use the open-source library Interior-point Optimizer (Ipopt)
to perform the optimization and minimize the cost function.

3.2 Identifying the Lowest Minimum on the Cost Function

The cost surface is non-convex, so to avoid falling into local minima, the optimization is per-
formed using simulated annealing [24]. The annealing parameter, β, is initialized at zero. In
this case, Rf is small so the cost function is dominated by the measurement term. The cost
surface for the measurement terms is convex, so the optimization procedure easily finds the
global minimum. The value of β is then incremented by 1 to increase the weight of the model
term, and the cost function is recalculated. We continue increasing β, and by the time Rf " Rm
and the cost surface is complex, the goal is that we have already situated ourselves near enough
to the global minimum so that the guess does not fall into a local minimum.
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4 Experiments

4.1 The Task for Optimization

Our ultimate goal is to use SDA to combine Earth-based measurements with model dynamics
and predict the electron number density function within the sun. In practice, we provide the
procedure with the full form of V prq except for a single parameter, for which we provide a search
range of possible values. The procedure must estimate this parameter while simultaneously
solving for the state variables Px, Py, and Pz. To inform the optimization procedure, we provide
experimentally detected measurements of neutrino flavor at the solar surface using data from
the Borexino experiment [25].

This experimentally-measured Psurvival value is currently not sufficient information to deter-
mine a unique solution. To further constrain the model, we also include simulated “measure-
ments” of flavor near the core of the sun. Our simulated model is generated by specifying the
energies of the three neutrino beams based on experimentally detected neutrino energies [25].
We assume each beam is pure νe at the solar core so that the initial value of Pz is 1.0. Px and
Py are initialized at zero. We also provide a value for the single unknown parameter in V prq.
Using these constraints, the model is generated by forward integration using 121,901 steps with
a step size of δr “ 2.85237.

Measurements of this solution are taken at various locations and are used in the optimization
procedure to help constrain possible outcomes. We used different numbers of “measurements”
for each experiment as specified in the next section. We also use this model as a source to serve
as a comparison for the solution generated by our optimization procedure.

4.2 Forms of V prq

We ran two separate experiments, each with a different functional form of V prq. The first is an
exponential decay of the form

V prq “ pce
´

pa
pb
r
. (7)

For our experiments, we use the values pa “ 13, pb “ 347703.903, and pc “ 0.09477.
For the exponential model, we provided the procedure with measurements for Pz at every

10-20 locations spaced along the first and last 1000 locations of the full trajectory. Providing
measurements at slightly spaced random intervals rather than at every point gives the optimiza-
tion procedure flexibility and avoids over-fitting.

The second form of this function is a logistic decay:

V prq “
L

p1´ qekpr´x0qq
1
q

. (8)

In our experiment, we use L “ 4.7ˆ 102, q “ 1.7, k “ 2.7ˆ 10´5, and x0 “ 7.0ˆ 104.
For the logistic model, we gave measurements to the procedure at every 10 to 20 points

spaced along the entire Pz trajectory (rather than only the first and last 1000 points, as was
used for the exponential model). Again, we choose slightly spaced, random intervals to avoid
over-fitting.

5 Results

5.1 Exponential Function for Electron Number Density

Our first experiment uses the exponential form of V prq as described by Eq. 7. We generated
model beams by setting parameters to the values specified above. For the optimization exper-
iment, we provided the procedure with values only for pb and pc but not for pa. Our goal was
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to solve for the nine state variables (Px, Py, and Pz for each beam) as well as the unknown
parameter pa.

The optimization procedure completed 25 iterations of increasing β (until β “ 25). We
applied a search range of 0.01´20 for pa which was asymmetric about the true value of pa “ 13.
This asymmetry is critical, as the search procedure has a bias toward the edges and midpoint of
the search range. When it fails in parameter estimation, it tends to “flee” to one of these values
for the remainder of the iterations.

Our results are shown in Figure 1. Figure 1a shows solutions for the state variables plotted
against the corresponding model values for iteration β “ 23. Figure 1b shows the estimated
value of pa for each β iteration.

(a) State variable evolution for β “ 23
(b) Estimated parameter value vs. β iter-
ation

Figure 1: Results from the optimization procedure for an exponentially decaying V prq model

As Fig. 1a illustrates, the state variable estimation was generally successful. Though the
model and predicted lines do not perfectly overlap, the procedure estimates the overall shape
of each parameter. It also pinpoints well the location of the Mikheyev–Smirnov–Wolfenstein
(MSW) resonance. To hone this estimation even more, we will consider raising the maximum
allowed β value and adjusting other factors like the search range and the value of Rf .

The parameter estimation as shown in Fig. 1b shows that the estimated value for pa stabilizes
around 11, while the true value is 13. While this match is not exact, it is a promising result
because it is stable (after β “ 17) and close to the true value. While failed runs tend to show
the parameter estimation “fleeing” to the edges or midpoint of the search range, this run does
not exhibit such behavior. We anticipate that as we are able to improve the state variable
estimation, the parameter estimation value will improve as well.

5.2 Logistic Function for Electron Number Density

The second experiment involves our logistic model for V prq as described in Eq. 8 involves four
parameters. In creating the model beams, we used the parameters specified in Sec. 4.2. For
our optimization procedure, we consider single parameter estimation of the parameter L, which
controls the height of function’s upper asymptote. We applied a search range for L of .001´ .02
which is asymmetrical about the true value of L “ .049. As was true for the exponential function
experiment, the procedure terminated when β “ 25.

Our results for one beam of this experiment are presented in Figure 2. Solutions for the
state variables and V prq (labelled Vmatt in the figure) are plotted against the corresponding
model values in Figure (2). This plot represents annealing iteration β “ 25, which was the final
iteration and thus the most accurate. As this figure illustrates, the optimization procedure’s
solution converges to the model for all three state variables as well as for V prq. The accurate
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prediction of V prq indicates the procedure successfully determined the correct value for the
parameter L. In fact, the numerical solution for L was within 1.68ˆ 10´4, or .36%, of the true
value.

Figure 2: Results from the optimization procedure for a logistically decaying V prq model

While this result is extremely encouraging, it still uses significantly more measurement values
than does the exponentially decaying V prq model.

Next steps will include adjusting search ranges, numbers of locations given, and determining
any other factors that may affect the ability of the procedure to perform parameter estimation.
Our first goal is to achieve parameter estimation using locations spaced along just the first and
last 1000 points. The ultimate goal, as for the exponential case, is to successfully estimate
parameters using only measurements toward the end of the trajectory. It remains unclear
whether this goal is realistic or whether constraints will need to be put in place near the beginning
of the trajectory to guide the optimization procedure toward the correct solution.

6 Conclusion

We illustrated that inference-based optimization is capable of performing parameter estimation
on a simplified solar neutrino model. We implemented the optimization procedure on two
different functional forms of the distribution of solar matter, V prq, in each case successfully
estimating the unknown parameter. Future efforts include attempting parameter estimation with
fewer given measurements as well as introducing additional possible forms for V prq. Additionally,
we are working to introduce the Earth/Sun transformation, which connects the state variable
Pz to measurable Psurvival values, so that we can utilize real data in our analysis.
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